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The theory of rods is one of the oldest ﬁelds of mechanics. The
ﬁrst signiﬁcant studies on the behavior of thin rods have been elab-
orated in the 17th century by Galilei and Bernoulli, then in the 18th
century by Euler and D’Alembert, and in the 19th century by Cle-
bsch and Kirchhoff, among others. Due to these contributions in
the theory of rods, several new mathematical concepts and
mechanical challenges have been formulated, which played an
important role in the history of development of natural sciences.
Nowadays, the modern studies on the mechanical behavior of
beams and rods have received considerable attention. The growing
interest in this ﬁeld is due to the intensive use of rod-like struc-
tures in mechanical and civil engineering. The emergence of new
technologies and advanced materials in connection with rod man-
ufacturing lead to the necessity of elaborating adequate models
and to extend the existing theories.
In general, the theories of beams and rods allow for the approx-
imate analysis of the stress–strain state of three-dimensional
bodies for which two dimensions are much smaller in comparison
with the third one. In this sense, all these theories are based on the
thinness hypothesis. To obtain a set of one-dimensional approxi-
mate equations, one of the following main directions can be pur-
sued: the application of kinematical and/or stress hypotheses, the
use of mathematical techniques like series expansions and asymp-
totic analysis, and the so-called direct approach based on the
deformable curve model. As examples in the ﬁrst direction we
can mention the beam theories of Euler and of Timoshenko, seell rights reserved.
+40 232 201160.e.g. Timoshenko (1921), Svetlitsky (2000), Hodges (2006) for an
extensive account. Mathematical techniques for the study of rods
and beams include the use of formal asymptotic expansions
(Trabucho and Viaño, 1996; Yu et al., 2002; Tiba and Vodak,
2005; Berdichevsky, 2009), the C-convergence analysis (Freddi
et al., 2007) and other variational methods (Meunier, 2008; Spre-
kels and Tiba, 2009).
The direct approach has been introduced for the ﬁrst time by
the Cosserat brothers (Cosserat and Cosserat, 1909). As a model
for rods, they have considered a deformable curve in which every
material point is connected to a triad of orthonormal vectors (also
called directors) to characterize its orientation. Later, this idea has
been modiﬁed and developed by Green and Naghdi (Green et al.,
1974; Green and Naghdi, 1979) who created the so-called theory
of Cosserat curves, in which every material point is attached to a
pair of deformable directors. We mention that the Cosserat theory
for rods was developed in parallel with the Cosserat theory for
shells. These two models have been presented and analyzed in de-
tails in the books of Antman (1995) and Rubin (2000).
Another direct approach for shells and rods has been elaborated
by Zhilin (1976, 2006a,b, 2007), who followed the original idea of
the Cosserats and considered deformable continua (surfaces or
curves) endowed with a triad of rigidly rotating orthonormal vec-
tors connected to each point. In his approach, Zhilin has supple-
mented the kinematical model suggested by Cosserat with
appropriate constitutive equations, thus making the model appli-
cable to solve practical problems (Altenbach et al., 2006). We also
mention that the latter approach has the attribute of simplicity, in
comparison with the theories of Cosserat surfaces or curves given
by Green and Naghdi. The approach to rods proposed by Zhilin is
also called the theory of directed curves.
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does not require hypotheses about the through-the-thickness dis-
tributions of displacement and stress ﬁelds or the mathematical
manipulations with three-dimensional equations. Furthermore, it
can be employed to study very thin structures, where the use of
a three-dimensional theory is not convenient. In the direct ap-
proach, the basic laws of mechanics and thermodynamics are ap-
plied directly to a dimensionally reduced continuum (i.e. surface
or curve) and thus one can obtain quite accurate equations. How-
ever, the formulation of constitutive equations for such models
presents some difﬁculties. Indeed, it is known that the elasticity
tensors depend on the geometry of the rod or shell. In order to
establish their structure, it is necessary to apply the generalized
theory of tensor symmetry (Zhilin, 2006b). Then, a crucial aspect
in this model is the identiﬁcation of the effective properties (stiff-
ness, etc.) of the structure. In the case of shells and plates, the
determination of effective stiffnesses has been realized for various
types of materials in (Altenbach and Zhilin, 1988; Altenbach, 2000;
Altenbach and Eremeyev, 2008, 2009). For the direct approach to
rods, the effective properties have been determined only in the
case of isotropic and homogeneous materials in (Zhilin, 2006a; Zhi-
lin, 2007). In our work, we present the identiﬁcation of effective
stiffnesses for rods made of an orthotropic material with voids.
This paper aims to extend the theory of directed curves to the case
of rods made of a porous material. To describe the porosity, we
employ the Nunziato–Cowin theory for elastic materials with voids
(Nunziato and Cowin, 1979; Cowin and Nunziato, 1983). The basic
idea of the Nunziato–Cowin theory is to represent the mass density
function q⁄ as the product of two ﬁelds: q⁄ = c⁄m⁄, where c⁄ is the
matrix material density function and m⁄ is the volume fraction ﬁeld
(0 < m⁄ 6 1). In this way, an additional degree of freedom is
introduced, namely the volume fraction ﬁeld m⁄, which characterizes
the continuousdistributionof voids in thebody. TheNunziato–Cowin
theory is intended for the study of porous solids and granularmateri-
als, and it can be regarded as a special case of the theory of materials
with microstructure (Capriz, 1989; Ciarletta and Iesan, 1993). This
theoryhasbeenextensivelystudied in the lastdecadesand ithasbeen
used to describe the deformation of three-dimensional porous solid
cylinders in (Iesan and Scalia, 2007; Iesan, 2010). In our paperweem-
ploy the theory of elastic materials with voids to investigate the
mechanics of one-dimensional continua. Following this original
approach, we derive a theory for the deformation of porous curvilin-
ear rods. Wemention that the mechanical behavior of porous rods is
an important problem which has been investigated previously in
different frameworks: White (1986) studied the propagation of
extensional waves using the Biot–Gardner theory for ﬂuid-saturated
porous solids, while Bychkov and Karpinskii (1998) discussed the
necking conditions for thermoviscoplastic rods.
In the ﬁrst part of the paper, which has also an expository pur-
pose, we present the kinematical model, we formulate the basic
principles for porous elastic rods and we deduce the dynamical
nonlinear ﬁeld equations. We assume that the rods cross-sections
do not change their shape during deformation, but only rotate.
Two appropriate vectors of deformation are introduced, which ac-
count for the extension-shear and bending-twisting deformation,
respectively. Then, we specify the expression of the internal energy
function in terms of the vectors of deformation and the porosity
variables, and we determine the structure of the elasticity tensors.
In Section 5, restricting to the linear theory, we formulate the
corresponding boundary-initial-value problem and prove the
uniqueness of the solution. In the case of initially straight rods,
the extension-torsion and bending-shear problems are decoupled.
We also show that these equations can be obtained from the
equations of three-dimensional rods, by integration over the
cross-section, and we derive the correspondence between the rel-
evant ﬁeld quantities in the two approaches.In the last part of the paper, we focus our attention to orthotro-
pic and homogeneous porous rods. We identify the constitutive
coefﬁcients for our model by comparison of solutions to some
problems of bending, extension, torsion and also shear vibrations
obtained in the two approaches (deformable curves and three-
dimensional rods). In the non-porous isotropic case, we recover
the values of the elastic coefﬁcients presented in Zhilin (2006a,
2007). Finally, we consider the deformation of rectangular ortho-
tropic porous beams in Section 9 and show that our results are
in agreement with the solution presented by Cowin and Nunziato
(1983) for isotropic materials with voids.
Although the model presented here is quite general, since it can
handle curved rods with natural twisting, the governing equations
are relatively simple and the effective stiffness concept makes it an
useful tool to solve practical problems for thin porous rods.
1.1. Notations
In this paper the direct tensor notation in the sense of Lurie
(2005) is used. The vectors and tensors are denoted by bold letters.
Latin subscripts take the values {1,2,3}, while Greek subscripts
range over the set {1,2}, unless otherwise speciﬁed. The Einstein’s
summation convention is also employed.
Let us present the main notations for the operations used in the
next sections. For any arbitrary vectors a, b and c, we denote by
a  b the scalar (dot) product and by a  b the vector (cross) prod-
uct. The dyadic product a  b represents a second order tensor, de-
ﬁned in the usual manner. It is known that any second order tensor
A can be expressed as a sum of three dyads: A ¼P3i¼1aðiÞ  bðiÞ. In
what follows, the dot ‘‘’’ also denotes the dot product of a tensor
and a vector, deﬁned by
A  c ¼ P3
i¼1
aðiÞ  bðiÞ
 
 c ¼P3
i¼1
bðiÞ  c
 
aðiÞ;
c  A ¼ c  P3
i¼1
aðiÞ  bðiÞ
 
¼P3
i¼1
c  aðiÞ
 
bðiÞ:
Also, ‘‘’’ denotes the cross product of a tensor and a vector, deﬁned
by
A c ¼ P3
i¼1
aðiÞ  bðiÞ
 
 c ¼P3
i¼1
aðiÞ  bðiÞ  c
 
;
c  A ¼ c  P3
i¼1
aðiÞ  bðiÞ
 
¼P3
i¼1
c  aðiÞ
  bðiÞ:
We remind that the vector invariant (also called Gibbsian cross) of a
second order tensor A is a vector denoted by A and given by
A ¼
X3
i¼1
aðiÞ  bðiÞ
 !

¼
X3
i¼1
aðiÞ  bðiÞ:
For a more detailed introduction of these operations and their prop-
erties the reader is referred to the Annex of the book (Naumenko
and Altenbach, 2007) and the references given therein.
2. The kinematical model
In this paper we consider thin rods modelled as directed curves,
i.e. deformable curves endowed with a triad of directors di attached
to every point (Zhilin, 2006a, 2007). Let us denote by C0 the curve
for the undeformed (initial) rod and by s the material coordinate
along this curve which is chosen to be the arclength parameter
of C0. The directed curve is speciﬁed by the position vector r(s)
and the triad of directors di(s), i = 1,2,3 (see Fig. 1). The unit vectors
d1, d2, d3 are orthogonal to each other, and d3 coincides with the
unit tangent vector: d3  t = r0(s). We use the notation ðÞ0 ¼ dds. Thus,
the directors d1 and d2 belong to the normal plane and they
Fig. 1. Reference conﬁguration of the deformable rod.
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or during the deformation. In what follows, d1 and d2 will be cho-
sen along the principal axes of inertia of the cross-section, and C0
will be the line of centroids (see Section 4.1).
Another triad of unit orthogonal vectors which is naturally at-
tached to any curve is {t,n,b}, where t is the tangent, n is the prin-
cipal normal and b is the binormal. We denote by r(s) the angle
between the vectors d1(s) and n(s), which is called the angle of nat-
ural twisting of the rod, and we have
d1 ¼ n cosrþ b sinr; d2 ¼ n sinrþ b cosr: ð1Þ
As elementary results from the geometry of curves, we have
t0 ¼ s t; n0 ¼ s n; b0 ¼ s b with s ¼ 1
Rt
t þ 1
Rc
b;
where s(s) is the Darboux vector, Rc the radius of curvature and Rt
the radius of twisting for the curve C0. Then, in view of (1), we
can show that
d0i ¼ q di; i ¼ 1;2;3; where q ¼ r0t þ s:
Consider now another conﬁguration C of the rod, which is the de-
formed conﬁguration at time t. The motion of the rod is deﬁned
by the functions
R ¼ Rðs; tÞ; Di ¼ Diðs; tÞ; i ¼ 1;2;3; s 2 ½0; l; ð2Þ
where R is the position vector, Di are the three directors after defor-
mation, and l is the length of the rod. We mention that D1, D2, D3
remain mutually orthogonal vectors of unit length, but the plane
(D1,D2) is no longer normal to the curve C. In other words, we take
the general situation, when the cross-sections are not necessarily
orthogonal to the middle curve after deformation.
The displacement vector u and the rotation tensor P are deﬁned
by
uðs; tÞ ¼ Rðs; tÞ  rðsÞ; Pðs; tÞ ¼ Dkðs; tÞ  dkðsÞ: ð3Þ
Denoting the time derivative by a superposed dot, the velocity vec-
tor V and the angular velocity vector x are given by
Vðs; tÞ ¼ _Rðs; tÞ; _Pðs; tÞ ¼ xðs; tÞ  Pðs; tÞ: ð4Þ
Hence,x is the axial vector of the antisymmetric tensor _P  PT and it
can be expressed as x ¼  12 _P  PT
h i

, where [. . .] designates the
vector invariant (or Gibbsian cross).
Adapting the Nunziato–Cowin theory of materials with voids
(Nunziato and Cowin, 1979) to describe the porosity of the rod
we introduce an additional independent kinematical variable: the
volume fraction ﬁeld m = m(s, t), with 0 < m 6 1. Thus, the mass den-
sity q = q(s, t) of the porous rod can be expressed as the product of
two scalar ﬁelds
qðs; tÞ ¼ mðs; tÞcðs; tÞ; ð5Þ
where c(s, t) is the mass density of the matrix elastic material. The
porosity function mwill express the continuous distribution of voids
along the rod’s middle curve. Eq. (5) written for the reference
conﬁguration C0 reads q0(s) = m0(s)c0(s).Remark 1. For comparison purposes, let us consider also the
three-dimensional rod and denote by ~rðs; x; yÞ the position vector
of a generic point in the reference conﬁguration
~rðs; x; yÞ ¼ rðsÞ þ aðs; x; yÞ; aðs; x; yÞ ¼ xd1ðsÞ þ yd2ðsÞ; ðx; yÞ 2 R;
ð6Þ
where (x,y) are the material coordinates in the cross-section, re-
ferred to the base vectors {d1,d2}, and R is a given domain. After
deformation, the same material point will have the following posi-
tion vector
~Rðs; x; y; tÞ ¼ Rðs; tÞ þ xD1ðs; tÞ þ yD2ðs; tÞ; ðx; yÞ 2 R: ð7Þ
From (6) and (7) we see that the cross-sections of the rod can rotate
with respect to the middle curve, but the deformation of the cross-
sections is not taken into account. We notice that the relation (7)
should not be regarded as a kinematical constraint. Indeed, our
one-dimensional model (which is obtained by the direct approach)
is free of kinematical constraints, while the relations (6) and (7)
have been introduced only to describe the connection with the
three-dimensional theory. In other words, the Eq. (7) does not intro-
duce an internal constraint for this model, in the sense of Lembo
and Podio-Guidugli (2001).
To resume, themotionof theporous rod is completelydetermined,
ifweknowtheposition vectorR(s,t), the rotation tensorP(s, t) and the
volume fraction ﬁeld m(s, t). These unknowns can be determined from
the equations that are presented in the next sections.
3. Basic principles and ﬁeld equations
The principle of mass conservation can be written in the
integral form asZ s2
s1
q0ðsÞds ¼
Z s2
s1
qðs; tÞdSðs; tÞ; 8s1; s2 2 ½0; l; ð8Þ
where dS is the length element on the deformed curve C and we
have dS(s, t) = jR0(s, t)jds. The relation (8) can be put in the local form
qðs; tÞ ¼ q0ðsÞ
1þ ðs; tÞ or mðs; tÞcðs; tÞ ¼
m0ðsÞc0ðsÞ
1þ ðs; tÞ ; ð9Þ
where ðs; tÞ  dSðs;tÞdsds ¼ jR0ðs; tÞj  1 is the relative dilatation of the
rod. From Eq. (9) we can determine the mass density of the matrix
elastic material c(s, t) in terms of R(s, t) and m(s, t).
The kinetic energy per unit mass of the rod is given by
Kðs; tÞ ¼ 1
2
Vðs; tÞ  Vðs; tÞ þ Vðs; tÞ H1ðs; tÞ xðs; tÞ
þ 1
2
xðs; tÞ H2ðs; tÞ xðs; tÞ þ 12,ðsÞ _m
2ðs; tÞ; ð10Þ
where , = ,(s) > 0 is an inertia coefﬁcient associated to the porosity
variable, while the second order tensors Ha(s, t) (a = 1,2) are the
tensors of inertia (per unit mass). They can be expressed in terms
of the inertia tensors in the reference conﬁguration H0aðsÞ by the
relations
Haðs; tÞ ¼ Pðs; tÞ H0aðsÞ  PTðs; tÞ; a ¼ 1;2: ð11Þ
Using the notations (6), the tensors H0aðsÞ have the forms (Zhilin,
2007)
q0H
0
1 ¼ 
Z
R
ð1 aÞqldxdy;
q0H
0
2 ¼ 
Z
R
½ða  aÞ1 a aqldxdy; ð12Þ
where 1 is the second order unit tensor, q⁄ is the mass density in
the three-dimensional rod and lðs; x; yÞ  1þ anRc . From relations
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H2 HT1 H1 is symmetric and positive deﬁnite.
The linear momentum K1ðs; tÞ and the moment of momentum
K2ðs; tÞ per unit mass are
K1 ¼ @K
@V
¼ V þH1 x;
K2 ¼ @K
@x
þ R @K
@V
¼ R ðV þH1 xÞ þ ðV H1 þH2 xÞ:
ð13Þ
Then, the principles of linear momentum and the moment of
momentum are expressed by the following relations: for any s1,
s2 2 [0, l] we haveZ s2
s1
q0 _K1ðs; tÞds ¼
Z s2
s1
q0F ðs; tÞdsþ NðtÞðs2; tÞ þ NðtÞðs1; tÞ;Z s2
s1
q0 _K2ðs; tÞds ¼
Z s2
s1
q0 Rðs; tÞ F ðs; tÞ þLðs; tÞ½ ds
þ Rðs2; tÞ  NðtÞðs2; tÞ þ Rðs1; tÞ
 NðtÞðs1; tÞ þMðtÞðs2; tÞ þMðtÞðs1; tÞ; ð14Þ
where F and L are the external body force and moment per unit
mass, while N(t) andM(t) represent the external forces and moments
acting on the boundary points s = s1, s2 of an arbitrary portion of the
rod.
The porosity ﬁelds are governed by the principle of equilibrated
force, which in the case of rods has the formZ s2
s1
q0
d
dt
,ðsÞ _mðs; tÞð Þds ¼
Z s2
s1
q0ðsÞpðs; tÞ  gðs; tÞð Þdsþ hðtÞðs2; tÞ
þ hðtÞðs1; tÞ; 8s1; s2 2 ½0; l; ð15Þ
where p is the assigned equilibrated body force, g is the internal
equilibrated body force and h(t) represents the equilibrated stress.
This principle has been formulated by Goodman and Cowin
(1972) for granular materials and by Nunziato and Cowin (1979)
for elastic materials with voids. It can be regarded as a special case
of a balance equation which arises in the microstructural theories of
continua established by Mindlin (1964) and Toupin (1964), when
only the dilatation of the micromedium is taken into account. This
equation was derived from a variational argument by Cowin and
Goodman (1976) and given mechanical interpretation by Jenkins
(1975). There exist various approaches leading to this type of bal-
ance equations, which are discussed in the works (Cowin and Leslie,
1980; Capriz and Podio-Guidugli, 1981; Capriz, 1989).
Applying the principles (14) and (15) to portions of the rods
with the inﬁnitesimal length, we deduce that we can introduce
the ﬁelds N, M and h by
N  NðtÞ ¼ NðtÞ; M MðtÞ ¼ MðtÞ; h  hðtÞ ¼ hðtÞ: ð16Þ
Thus, the force vector N and the moment vector M are deﬁned by
the relations (14) and (16)1,2. They are dual mechanical quantities
to the corresponding kinematical ﬁelds such that N  V +M x rep-
resents mechanical power. Also, the equilibrated stress h deﬁned by
relations (15) and (16)3 is dual to the porosity variable m, and the
product h _m is included in the expression of the mechanical power
for porous rods, see Eq. (18).
Concerning the interpretation given to the porosity variables,
the function m expresses the compression-dilation of the continu-
ously distributed pores, while the equilibrated stress h are identi-
ﬁed in (Cowin and Nunziato, 1983) with singular stress systems
known in classical elasticity as double force systems without mo-
ments (Love, 1944).
In view of (14)–(16), we obtain the following local forms of the
above mentioned principlesN 0 þ q0F ¼ q0
d
dt
ðV þH1 xÞ;
M0 þ R0  N þ q0L ¼ q0 V H1 xþ
d
dt
ðV H1 þH2 xÞ
 
;
h0  g þ q0p ¼ q0
d
dt
ð, _mÞ:
ð17Þ
We can observe that the ﬁrst two equations in (17) are similar to
the one-dimensional equations for rods found in many previous
works (especially for the left-hand sides), but the third equation
in (17) is new, and it represents the equation of equilibrated force
which governs the porosity ﬁelds in our model.
Remark 2. The assigned body loads F , L and p also include the
contributions of the loads acting on the lateral boundaries of the
three-dimensional rod (see Section 7).
We denote by U ¼ Uðs; tÞ the internal energy per unit mass of
the rod. The balance of energy is expressed by the relationZ s2
s1
q0
d
dt
ðK þ UÞds ¼
Z s2
s1
q0 F  V þL xþ p _mð Þds
þ N  V þM xþ h _mð Þjs2s1 ; ð18Þ
for all s1, s2 2 [0, l], where we employ the notation f js2s1 ¼ f ðs2Þ  f ðs1Þ,
for any f. The dependence of functions on (s, t) has been omitted for
brevity. Using the Eqs. (10) and (17), after some manipulations we
reduce (18) to the local form of the energy balance equation
q0 _U ¼ N  ðV 0 þ R0 xÞ þM x0 þ g _mþ h _m0: ð19Þ
Following Zhilin (2006a, 2007), we introduce two vectors of defor-
mation: the vector of extension-shear E and the vector of bending-
twisting U given by
E ¼ R0  P  t; P0 ¼ U P: ð20Þ
We observe that U is the axial vector of the antisymmetric tensor
P0  PT or equivalently U ¼  12 P0  PT
h i

. On the other hand, we have
_E x E ¼ V 0 þ R0 x; _UxU ¼ x0: ð21Þ
Inserting (21) into (19) we obtain the reduced form of the energy
balance equation
q0 _U ¼ N  ð _E x EÞ þM  ð _UxUÞ þ g _mþ h _m0: ð22Þ
It is useful to introduce also the energetic vectors of deformation E
and U⁄ deﬁned by (Zhilin, 2006a, 2007)
E ¼ PT  E; U ¼ PT U: ð23Þ
Then, in view of
_E ¼ PT  _E x E
 
; _U ¼ PT  _UxU
 
; ð24Þ
the reduced energy balance Eq. (22) can be put into another conve-
nient form as follows
q0 _U ¼ ðN  PÞ  _E þ ðM  PÞ  _U þ g _mþ h _m0: ð25Þ
Summarizing the results of Section 3, the equations of motion are
given by (17)1,2, the equation of equilibrated force is (17)3 and the
reduced energy balance equation is expressed by (25).
4. Constitutive equations
As constitutive assumptions we consider that the internal en-
ergy U is a function of the following variables
U ¼ eU E;U;P; m; m0ð Þ: ð26Þ
Since the internal energy must be invariant under superposed rigid-
body motions, it follows that (Zhilin, 2006a, 2007)
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for any proper orthogonal tensor Q. If we take Q = PT then from (23)
and (27) we deduce that in fact the internal energy depends only on
the arguments
U ¼ U E;U; m; m0ð Þ: ð28Þ
Next, we insert the relation (28) into the reduced energy Eq. (25)
and we obtain in the classical manner the following constitutive
equations
N ¼ @ðq0UÞ
@E
 PT ; M ¼ @ðq0UÞ
@U
 PT ; g ¼ @ðq0UÞ
@m
; h ¼ @ðq0UÞ
@ðm0Þ : ð29Þ
To complete the presentation of the governing equations for porous
rods we still have to specify the expression of the internal energy
function (28). In general, the function U has the form
q0U E;U; m; m0ð Þ ¼ U0 þ N0  E þM0 U þ
1
2
E  A  E þ E  B U
þ 1
2
U  C U þU  ðE  DÞ U þ 12K1m
2
þ 1
2
K2ðm0Þ2 þ K3mm0 þ ðK4  EÞmþ ðK5 UÞm
þ ðK6  EÞm0 þ ðK7 UÞm0; ð30Þ
where U0; K1; K2; K3 are scalars, N0,M0, K4, . . . ,K7 are vectors, A, B,
C are second order tensors and D is a third order tensor, deﬁned on
the reference conﬁguration. The signiﬁcance and the structure of
the elasticity tensors A, B, C and D have been discussed in Zhilin
(2006a, 2007). For example, the consideration of the cubic term
involving D in (30) is necessary for the description of the Poynting
effect. The linear terms appearing in (30) are generally small and
negligible but, in some cases, their presence is needed to avoid con-
tradictions. In the next section, this study concerning the structure
of tensors will be extended to the tensors K1, . . . ,K7 which describe
the poroelastic properties.
Thus, the constitutive equations for porous rods are given by
the relations (29) and (30). To the governing ﬁeld equations we
must adjoin initial conditions and boundary conditions on the ends
of the rod.4.1. Structure of the constitutive tensors
For the determination of the elasticity tensors, the generalized
theory of tensor symmetry (Zhilin, 2006b) is employed. Let us
choose the vectors d1 and d2 for each cross-section of the reference
conﬁguration such thatZ
R
qxdxdy ¼ 0;
Z
R
qydxdy ¼ 0;
Z
R
qxydxdy ¼ 0; ð31Þ
which means that the curve C0 contains the centers of inertia, and
d1, d2 are the principal axes of inertia for any cross-section.
We assume that the anisotropy of the material and the distribu-
tion of this material in the cross-section of the rod are such that
they do not affect the symmetry of the cross-section with respect
to d1 and d2. Thus, we require that the orthogonal tensors
Q ¼ 1 2d1  d1 and Q ¼ 1 2d2  d2 ð32Þ
belong to the symmetry group of each constitutive tensor.
On the other hand, the elasticity tensors depend also on the
geometry of the rod, i.e. on the Darboux vector s and the angle
of natural twisting r (see (1)). In this case, any constitutive tensor
f will be expressed as the decomposition
f ¼ f 0 þ f 1  s; ð33Þ
where f0 and f1 are tensors which depend only on the angle r.Imposing that the tensors (32) belong to the symmetry groups
of the elasticity tensors A, B, C and D in the form (33), the structure
of these tensors has been determined in (Zhilin, 2006a, 2007).
Using the same techniques, we require that the symmetry groups
of K1, . . . ,K7 contain the tensors (32) and we deduce the following
expressions for these constitutive tensors
K1 ¼ K01; K2 ¼ K02; K3 ¼ K03;
K4 ¼ K04t þ
K14
Rc
d1 cosrþ K
2
4
Rc
d2 sinr;
K5 ¼ K
0
5
Rt
t þ K
1
5
Rc
d1 sinrþ K
2
5
Rc
d2 cosr;
K6 ¼ K06t þ
K16
Rc
d1 cosrþ K
2
6
Rc
d2 sinr;
K7 ¼ K
0
7
Rt
t þ K
1
7
Rc
d1 sinrþ K
2
7
Rc
d2 cosr;
ð34Þ
where K0n; K
1
n and K
2
n are scalars which do not depend on s.
If we consider rods without natural twisting (i.e. r0 = 0), the
conditions (32) are supplemented by the requirement that the
symmetry group of any constitutive tensor contains the orthogonal
tensors
Q ¼ 1 2d1  d1; Q ¼ 1 2d2  d2 and Q ¼ 1 2t  t:
ð35Þ
In view of the conditions (33) and (35), we can determine the gen-
eral expressions of the constitutive tensors K1, . . . ,K7. When the nat-
ural twisting of the rod is absent, the expressions (34) simplify to
K1 ¼ K01; K2 ¼ K02; K3 ¼ 0; K4 ¼ K04t; K7 ¼ 0;
K5 ¼ K
0
5
Rt
t þ K
1
5
Rc
d1 sinrþ K
2
5
Rc
d2 cosr; K6 ¼ K
1
6
Rc
d1 cosrþ K
2
6
Rc
d2 sinr;
ð36Þ
For the elasticity tensors A, B and C, in the case of rods without
natural twisting, we have the expressions (Zhilin, 2006a, 2007)
A ¼ A1d1  d1 þ A2d2  d2 þ A3t  t;
B ¼ 1
Rt
B1d1  d1 þ B2d2  d2 þ B3t  tð Þ
þ 1
Rc
ðB23d2  t þ B32t  d2Þ cosr½
þðB13d1  t þ B31t  d1Þ sinr;
C ¼ C1d1  d1 þ C2d2  d2 þ C3t  t:
ð37Þ
The Eqs. (34), (36), (37) are valid in the nonlinear theory and they
give the structure of the constitutive tensors. Since the constitutive
tensors do not depend on the deformation, the values of the elastic
stiffnesses can be determined by solving problems in the linear the-
ory of porous rods. This will be shown in the following sections.
5. Uniqueness of solution in the linear theory
In the linear theory of rods, the displacements, rotations and
variations of volume fraction ﬁeld are assumed to be inﬁnitesimal.
It follows that there exists the vector of small rotations w(s, t)
such that within the approximation of the linear theory we have
Pðs; tÞ ¼ 1þ wðs; tÞ  1; ð38Þ
and consequently
xðs; tÞ ¼ _wðs; tÞ; Uðs; tÞ ¼ w0ðs; tÞ: ð39Þ
In other words, we assume that
uðs; tÞ ¼ Rðs; tÞ  rðsÞ ¼ e~uðs; tÞ; wðs; tÞ ¼ e~wðs; tÞ;
uðs; tÞ  mðs; tÞ  m0ðsÞ ¼ e~uðs; tÞ;
ð40Þ
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tities of order O(e2) are neglected. The porosity functionu(s, t) is the
variation of the volume fraction ﬁeld. As we can see from the rela-
tions (40), the displacement, the rotation and the variation of vol-
ume fraction ﬁelds are assumed to be of the same order of
smallness O(e). One could also investigate the theory of porous rods
in which the ﬁelds u, w and u have different orders of smallness,
suitable to describe various practical situations, but this case will
not be treated in the present work.
We notice that in the linear setting the vectors of deformation
(20) coincide with the energetic vector of deformation (23) and
they are denoted as e ¼ E ¼ E and j =U =U⁄. They are expressed
by
e ¼ u0 þ t  w; j ¼ w0: ð41Þ
In view of (11) and (38), the tensors of inertia satisfy
Haðs; tÞ ¼ H0aðsÞ þ wðs; tÞ H0aðsÞ H0aðsÞ  wðs; tÞ; a ¼ 1;2:
ð42Þ
In our case, we also assume that N,M, h and g are quantities of order
O(e) and they are all zero in the reference conﬁguration. The inter-
nal energy function U is assumed to be a quadratic form and the
constitutive equations are
N ¼ @ðq0UÞ
@e
; M ¼ @ðq0UÞ
@j
; g ¼ @ðq0UÞ
@u
; h ¼ @ðq0UÞ
@ðu0Þ ;
q0U e;j;u;u0ð Þ ¼
1
2
e A  eþ e  B jþ 1
2
j  C jþ 1
2
K1u2 þ 12K2ðu
0Þ2
þ K3uu0 þ ðK4  eÞuþ ðK5 jÞu
þ ðK6  eÞu0 þ ðK7 jÞu0: ð43Þ
By virtue of (42), the equations of motion (17) become
N 0 þ q0F ¼ q0ð€uþH01  €wÞ;
M0 þ t  N þ q0L ¼ q0 €u H01 þH02  €w
 
; ð44Þ
and the equation of equilibrated force is
h0  g þ q0p ¼ q0,€u: ð45Þ
Concerning the right-hand sides of relations (44) we observe by
(12)1 that the tensor H01 is antisymmetric and we have H
0
1 ¼ 0 if
and only if
R
R q
xldxdy ¼ RR qyldxdy ¼ 0.
To the above ﬁeld equations we adjoin boundary conditions and
initial conditions. Consider that the arclength parameter s range
over the interval s 2 [0, l], for the entire rod. Denoting for conve-
nience s1 ¼ 0 and s2 ¼ l, we take the following boundary conditions
in the endpoints sc; c ¼ 1;2:
uðsc; tÞ ¼ uðcÞðtÞ or Nðsc; tÞ ¼ NðcÞðtÞ; for c ¼ 1;2;
wðsc; tÞ ¼ wðcÞðtÞ or Mðsc; tÞ ¼MðcÞðtÞ; for c ¼ 1;2;
uðsc; tÞ ¼ uðcÞðtÞ or hðsc; tÞ ¼ hðcÞðtÞ; for c ¼ 1;2:
ð46Þ
The initial conditions have the form
uðs;0Þ ¼ u0ðsÞ; _uðs;0Þ ¼ V0ðsÞ; wðs;0Þ ¼ w0ðsÞ; _wðs;0Þ ¼x0ðsÞ;
uðs;0Þ ¼u0ðsÞ; _uðs;0Þ ¼ k0ðsÞ; for s 2 ½0; l;
ð47Þ
where the functions in the right-hand sides of (46) and (47) are
given.
Thus, we have formulated the boundary-initial-value problem
associated to the deformation of porous elastic rods. We call solu-
tion of this problem a set of functions {u,w,u} which satisfy the
geometrical relations (41), constitutive Eq. (43), equations of mo-
tion (44), equation of equilibrated force (45), boundary conditions
(46) and initial conditions (47).In what follows, we will prove the uniqueness of solution to our
boundary-initial-value problem. Let us denote by K(t) the kinetic
energy and by U(t) the internal energy of the porous rod
K ¼ 1
2
Z
C0
q0 V  V þ 2V H01 xþx H02 xþ , _u2
 
ds;
U ¼
Z
C0
q0Uds: ð48Þ
Then the balance of energy (18) can be written in the linear theory
as
d
dt
K þ U½  ¼
Z
C0
q0 F  _uþL  _wþ p _u
 
dsþ N  _uþM  _wþ h _u jl0:
ð49Þ
We observe that the relation (49) can be proved directly by using
the deﬁnitions (48) and the ﬁeld Eqs. (41), (43) and (44). On the
basis of Eq. (49) we can show the following uniqueness theorem.
Theorem 1. Assume that the mass density q0 is positive, the inertia
coefﬁcient , is positive, and the internal energy function satisﬁes
U(t)P 0, for any tP 0. Then, the boundary-initial-value problem
associated to the deformation of porous rods has at most one solution.Proof. The proof can be pursued using classical arguments: if we
assume that there exist two solutions, then their difference satis-
ﬁes the equations of the boundary-initial-value problem written
for zero body loads, zero boundary conditions and zero initial con-
ditions. Consequently, the formula (49) applied for the difference
of solutions yields K(t) + U(t) = 0, "tP 0. Since U(t)P 0, we ﬁnd
that K(t) = 0, "tP 0.
Using (48) and the fact that q0 > 0, , > 0 and the tensor
H02 H0T1 H01 is positive deﬁnite, we conclude that u = 0, w = 0,
u = 0 and the two solutions coincide. h
In the sequel we aim to prove a more general uniqueness theo-
rem, in which we do not employ the hypothesis U(t)P 0. First, we
present a result which is analogous to Brun’s theorem in the three-
dimensional elasticity (Gurtin, 1972, Sect. 60).
Theorem 2. For any two moments of time t, zP 0, we denote by
Q(t,z) the function
Qðt; zÞ ¼
Z
C0
q0 F ðtÞ  _uðzÞ þLðtÞ  _wðzÞ þ pðtÞ _uðzÞ
 
ds
þ NðtÞ  _uðzÞ þMðtÞ  _wðzÞ þ hðtÞ _uðzÞ l0; ð50Þ
where the dependence on s has been omitted for brevity. Then, for any
tP 0, we have
UðtÞ  KðtÞ ¼ 1
2
Z t
0
Qðt þ s; t  sÞ  Qðt  s; t þ sÞ½ ds
þ 1
2
Z
C0
Nð0Þ  eð2tÞ þMð0Þ  jð2tÞ þ gð0Þuð2tÞ½
þhð0Þu0ð2tÞds 1
2
Z
C0
q0 _uð2tÞ  _uð0Þ þH01  _wð0Þ
 	
þ _wð2tÞ  _uð0Þ H01 þH02  _wð0Þ
 þ , _uð2tÞ _uð0Þ
ds:
ð51ÞProof. Using the constitutive relations (43), we show that for any
t, zP 0 we have
_NðtÞ  eðzÞ þ _MðtÞ  jðzÞ þ _gðtÞuðzÞ þ _hðtÞu0ððzÞ
¼ NðzÞ  _eðtÞ þMðzÞ  _jðtÞ þ gðzÞ _uðtÞ þ hðzÞ _u0ðtÞ: ð52Þ
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EðsÞ ¼ Nðt  sÞ  eðt þ sÞ þMðt  sÞ  jðt þ sÞ þ gðt  sÞuðt þ sÞ
þ hðt  sÞu0ðt þ sÞ:
By differentiating this relation and using (52) we get
dEðsÞ
ds
¼ NðtsÞ  _eðtþsÞþMðtsÞ  _jðtþsÞþ gðtsÞ _uðtþsÞ½
þhðtsÞ _u0ðtþsÞ NðtþsÞ  _eðtsÞþMðtþsÞ  _jðtsÞ½
þgðtþsÞ _uðtsÞþhðtþsÞ _u0ðtsÞ: ð53Þ
Finally, let us integrate the Eq. (53) with respect to s over C0, and
then with respect to s from 0 to t. Thus, we obtainZ
C0
EðtÞ  Eð0Þ½ ds ¼
Z t
0
Qðt  s; t þ sÞ Qðtþ s; t sÞ½ ds
þ
Z
C0
Z t
0
q0
d
ds
_uðtþ sÞ  _uðt sÞ þH01  _wðt sÞ
 	
þ _wðtþ sÞ  _uðt sÞ H01 þH02  _wðt sÞ
 
þ, _uðtþ sÞ _uðt  sÞdsds:
Taking into account that Eð0Þ ¼ 2q0UðtÞ, the last relation reduces to
the result (50). h
We are now able to show the main uniqueness result.
Theorem 3. Assume that the mass density q0 is positive and the
inertia coefﬁcient , is positive. Then, the boundary-initial-value
problem considered has at most one solution.Proof. If there exist two solutions, then their difference denoted
also by {u,w,u} satisﬁes the boundary-initial-value problem corre-
sponding to zero body loads, boundary conditions and initial con-
ditions. Then, by virtue of (49) and (51) we deduce that
KðtÞ þ UðtÞ ¼ 0 and UðtÞ  KðtÞ ¼ 0; 8t P 0:
It follows that K(t) = 0, "tP 0, and since q0 > 0, , > 0 and the tensor
H02 H0T1 H01 is positive deﬁnite, we obtain that u = 0, w = 0,
u = 0. h
We remark that Theorem 3 does not use the hypothesis that
U(t)P 0.
The above results concerning the uniqueness of solution have
been established for rods of general type, i.e. when the middle
curve C0 is arbitrary and the material of the rod is general aniso-
tropic. In order to establish also the existence of solutions we need
to prove ﬁrst an inequality of Korn’s type for our rod model. In the
same manner as in the classical theory of elasticity or in the shell
theory, see e.g. (Ciarlet, 2000; Bîrsan, 2008), we can then use this
Korn-type inequality to obtain existence results both in the statical
and in the dynamical theory of porous rods. The existence of solu-
tions have been proven by this procedure, but these results are not
presented here.
In the next sections we will focus our attention to straight rods,
and then to orthotropic materials.Fig. 2. Reference conﬁguration of a straight rod with natural twisting.6. Equations for straight porous rods
Let us consider the case when themiddle curve C0 is straight, but
the rod can have natural twisting and an arbitrary cross-section.We
will observe that in this situation our boundary-initial-value
problem decouples into two problems: one for extension-torsion
and the other for bending-shear.
Since the curve C0 is straight, the unit tangent vector t is con-
stant (does not depend on s) and the vectors n, b are not uniquelydetermined. Consider a ﬁxed orthogonal Cartesian frame Ox1x2x3
and denote by ei the unit vectors along the Oxi axes. We can choose
the vectors {e1,e2,e3} and {n,b,t} such that
n ¼ e1 ¼ d1ð0Þ; b ¼ e2 ¼ d2ð0Þ; t ¼ e3 ¼ d3: ð54Þ
For a straight curve C0 the Darboux vector is zero, but the angle of
natural twisting r(s) is arbitrary, thus we have (see Fig. 2 as an
example for rectangular cross-section)
s ¼ 0; rðsÞ ¼ e1;d1ðsÞð Þ; qðsÞ ¼ r0ðsÞe1: ð55Þ
In view of relations (12) and (31), in our case l = 1 and the tensors
of inertia become
q0H
0
1 ¼ 0; q0H02 ¼ I1d1  d1 þ I2d2  d2 þ ðI1 þ I2Þt  t; ð56Þ
where we have denoted by I1 
R
R q
y2 dxdy; I2 
R
R q
x2 dxdy.
The expressions of constitutive tensors simplify signiﬁcantly for
straight rods. Indeed, since s = 0, in the decompositions of the form
(33) we keep only the ﬁrst term: f = f0, for any constitutive tensor f.
Thus, the relations (34) reduce to
Ki ¼ K0i ði ¼ 1;2;3Þ; K4 ¼ K04t; K5 ¼ 0; K6 ¼ K06t; K7 ¼ 0;
ð57Þ
while the elasticity tensors A, C have the forms (37)1,2 and
B = r0B0t  t (Zhilin, 2007).
By virtue of (56) and (57), the boundary-initial-value problem
for straight porous rods decouples into two separate problems.
To see this more clearly, let us decompose the displacement vector
u and the rotation vector w by the direction t and the normal plane
(d1,d2)
u ¼ ut þw ðwith w  t ¼ 0Þ and
w ¼ wt þ t  h ðwith h  t ¼ 0Þ; ð58Þ
where the scalar u is the longitudinal displacement, w is the vector
of transversal displacement, the scalar w is the torsion, and h0 is the
vector of bending deformation. The geometrical Eq. (41) can be ex-
pressed as
e ¼ u0t þ c; j ¼ w0t þ t  h0; ð59Þ
where c =w0  h is the vector of transverse shear (c  t = 0). As a geo-
metrical interpretation for h one can show that D3 = t + h.
We also decompose the force vector N and the moment vector
M with respect to t and the normal plane
N ¼ Ft þ Q ðwith Q  t ¼ 0Þ and
M ¼ Ht þ t  L ðwith L  t ¼ 0Þ; ð60Þ
where the scalar F is the longitudinal force, Q is the vector of trans-
versal force, the scalar H is the torsion moment and L is the vector of
bending moment. Similarly, the vectors F and L can be written as
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L ¼ Ltt þLn ðwith Ln  t ¼ 0Þ: ð61Þ
Considering the relations (56)–(61), the ﬁeld Eqs. (43)–(45) decou-
ple into two problems as follows: the ﬁrst problem involves only
the scalar unknowns u, w, u, and represents the extension-torsion
problem
F 0 þ q0F t ¼ q0€u; H0 þ q0Lt ¼ ðI1 þ I2Þ€w;
h0  g þ q0p ¼ q0, €u;
ð62Þ
with the constitutive equations
F ¼ A3u0 þ r0B0w0 þ K04uþ K06u0; H ¼ r0B0u0 þ C3w0;
g ¼ K1uþ K3u0 þ K04u0; h ¼ K2u0 þ K3uþ K06u0:
ð63Þ
The second problem involves only the vector unknowns w, h, and
represents the bending-shear problem
Q 0 þ q0F n ¼ q0 €w; L0 þ Q  q0t Ln
¼ I2d1  d1 þ I1d2  d2ð Þ  €h; ð64Þ
with the constitutive equations (c =w0  h)
Q ¼ A1d1  d1 þ A2d2  d2ð Þ  c;
L ¼ C2d1  d1 þ C1d2  d2ð Þ  h0: ð65ÞRemark 3. We see that the porosity ﬁeld u appears only in the
extension-torsion problem (62), (63). If we want to obtain a model
in which the porosity is present also in the bending-shear problem
(64) and (65), then we have to introduce from the beginning
several porosity ﬁelds, in a similar way as in the theory of shells
(Bîrsan, 2006).6.1. Straight rods without natural twisting
We will particularize the above equations of straight porous
rods to the case when the natural twisting is absent. In this case,
the angle r is constant and in view of (54) and (55)2 we have
rðsÞ ¼ 0; diðsÞ ¼ ei ¼ const:; i ¼ 1;2;3: ð66Þ
If we specify the form of the constitutive tensors (36) and (37) in
the case of straight rods (i.e. s = 0), we obtain the following relations
Ka ¼ K0aða¼ 1;2Þ; K3 ¼ 0; K4 ¼ K04t; K5 ¼K6 ¼K7 ¼ 0;
B¼ 0; A¼ A1d1d1þA2d2d2þA3t t;
C ¼ C1d1d1þC2d2d2þC3t t:
ð67Þ
By virtue of (67), we remark that our original boundary-initial-value
problem decomposes into three uncoupled problems which are
listed below:
(i) Problem of extension: it involves the longitudinal displace-
ment u and volume fraction ﬁeld uF 0 þ q0F t ¼ q0€u; h0  g þ q0p ¼ q0,€u; ð68Þ
with
F ¼ A3u0 þ K04u; g ¼ K1uþ K04u0; h ¼ K2u0: ð69Þ
(ii) Problem of torsion: it involves only the torsion function wH0 þ q0Lt ¼ ðI1 þ I2Þ€w; with H ¼ C3w0: ð70Þ
(iii) Problem of bending-shear: it involves only the variables
w = w1d1 + w2d2 and h = h1d1 + h2d2, which satisfy the
equations of motion (64) and the constitutive Eq. (65).The boundary conditions and the initial conditions for these
three problems can be written separately, by virtue of the relations
(46), (47) and the decompositions (58), (60).6.2. Simple examples
We present now the solution of three simple example problems,
corresponding to the three types of decoupled problems in Section
6.1. These solutions will be used later for comparison with results
of the three-dimensional theory and the identiﬁcation of the con-
stitutive coefﬁcients.
We mention that in the linear theory of rods the ﬁelds fu; w; ug
represent a rigid-bodymotion if and only if there exist two constant
vectors a and b such that we have u ¼ aþ b r; w ¼ b; u ¼ 0.
We consider straight porous rods without natural twisting
made of homogeneous materials. The condition that the quadratic
form of the internal energy U is positive deﬁnite is equivalent to
the following inequalities
Ai > 0; Ci > 0ði ¼ 1;2;3Þ; K02 > 0 and A3K01  ðK04Þ2 > 0:
ð71Þ
In the following problems, we determine the equilibrium deforma-
tion of porous rods subjected to some forces and moments applied
at its ends s = 0, l. The body loads are absent and the lateral bound-
ary is free, i.e. F ¼ 0; L ¼ 0; p ¼ 0.
Problem 1 (Extension). Determine the equilibrium of a rod under
an axial force F(1) applied at its ends.
The equilibrium equations are given by (68) (with vanishing
right-hand sides), the constitutive equations are (69), and the
boundary conditions are
Fð0Þ ¼ FðlÞ ¼ Fð1Þ and hð0Þ ¼ hðlÞ ¼ 0: ð72Þ
Thus, the problem reduces to solve the system of differential
equations
A3u00ðsÞ þ K04u0ðsÞ ¼ 0; K02u00ðsÞ  K01uðsÞ  K04u0ðsÞ ¼ 0; s 2 ½0; l;
with boundary conditions
A3u0ðsÞ þ K04uðsÞ ¼ Fð1Þ; K02u0ðsÞ ¼ 0; for s ¼ 0; l:
The solution of this problem gives the longitudinal displacement u
and the porosity u (up to a rigid-body motion)
uðsÞ ¼ K
0
1
A3K
0
1  ðK04Þ2
Fð1Þs; uðsÞ ¼  K
0
4
A3K
0
1  ðK04Þ2
Fð1Þ: ð73ÞProblem 2 (Bending-Shear). Find the equilibrium of a rod
subjected to transversal forces and bending moments applied to
its ends.
Thus, in s = 0 we have the boundary conditions
Qð0Þ ¼ Q ð1Þ ¼ Q ð1Þ1 d1 þ Q ð1Þ2 d2; Lð0Þ ¼ Lð1Þ ¼ Lð1Þ1 d1 þ Lð1Þ2 d2: ð74Þ
Using (65) and (74) we deduce the following system of equations
for w1(s) and h1(s)
A1 w001ðsÞ  h01ðsÞ
  ¼ 0; C2h001ðsÞ þ A1 w01ðsÞ  h1ðsÞ  ¼ 0; s 2 ½0; l;
with the boundary conditions
A1 w01ð0Þ  h1ð0Þ
  ¼ Q ð1Þ1 ; C2h01ð0Þ ¼ Lð1Þ1 :
A similar system is obtained for the functions w2(s) and h2(s).
Finally, we get the solution (up to a rigid-body motion)
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ð1Þ
1
6C2
s3 þ L
ð1Þ
1
2C2
s2 þ Q
ð1Þ
1
A1
s; w2ðsÞ ¼ Q
ð1Þ
2
6C1
s3 þ L
ð1Þ
2
2C1
s2 þ Q
ð1Þ
2
A2
s;
h1ðsÞ ¼ Q
ð1Þ
1
2C2
s2 þ L
ð1Þ
1
C2
s; h2ðsÞ ¼ Q
ð1Þ
2
2C1
s2 þ L
ð1Þ
2
C1
s:
ð75ÞProblem 3 (Torsion). Determine the equilibrium of a rod under
the action of a torsion moment H(1) applied to its ends.
The boundary conditions are H(0) = H(l) = H(1), and in view of
the Eq. (70) we ﬁnd the following solution for the functionw (up to
a rigid-body displacement)
wðsÞ ¼ H
ð1Þ
C3
s: ð76Þ
The simple solutions obtained in this section will be used to
identify the constitutive coefﬁcients for porous rods by comparison
with corresponding results from the three-dimensional theory.7. Derivation of rod equations from the three-dimensional
theory
Let us consider a thin porous rod as a three-dimensional body.
In what follows we show, for comparison purposes, that the one-
dimensional equations obtained for straight rods by integration
over the cross-section have the same form as the equations of
the direct approach for rods presented in the previous sections.
The descent from the three-dimensional equations to obtain the
one-dimensional model for rods is an old idea which has been
exploited in many studies, see e.g. (Berdichevsky, 1976; Podio-
Guidugli, 2008).
Referred to the Cartesian orthogonal frame Ox1x2x3 we assume
that the rod occupies the domain B ¼ fðx1; x2; x3Þjðx1; x2Þ 2 R;
x3 2 ½0; lg and that the symmetry requirements (31) are satisﬁed
(here we identify x1 = x and x2 = y).
The three-dimensional rod is made of an elastic material with
voids and we denote by u ¼ ui ei the displacement vector, u⁄ the
volume fraction ﬁeld, T ¼ tijei  ej the Cauchy stress tensor, hi
the equilibrated stress and g⁄ the internal equilibrated body force,
in the linear theory. Then, the equations of motion and of equili-
brated force are
tji;j þ qf i ¼ q€ui ; hi;i  g þ qp ¼ q, €u; ð77Þ
where f i is the body force per unit mass, p
⁄ the assigned equili-
brated body force and ,⁄ the equilibrated inertia. Let us denote
the integration of any function f over the cross-section R by
hf i ¼ RR fdx1dx2.
By integrating Eq. (77)1 over the cross-section we obtain the
relation
N^ 0 þ q^0F^ ¼ q^0 €^u; ð78Þ
where we have denoted by
q^0 ¼ hqi; u^ ¼ hq
ui
hqi ; N^ ¼ ht  T
i;
F^ ¼ 1hqi hq
f i þ
Z
@R
ðn  TÞdl
 
:
ð79Þ
Here t = e3, and n⁄ represents the outward unit normal to the rod’s
lateral surface.
On the other hand, if we multiply the equations of motion (77)1
with a = x1e1 + x2e2 (using cross product) and then integrate over R
we get the relation
M^0 þ t  N^ þ q^0L^ ¼ q^0H^02  €^w; ð80Þwhere we use the notations I1 ¼ hqx22i; I2 ¼ hqx21i and
w^ ¼ hq
x2u3i
I1
e1  hq
x1u3i
I2
e2 þ hq
ðx1u2  x2u1Þi
I1 þ I2 e3;
M^ ¼ ha ðt  TÞi; q^0H^02 ¼ I1e1  e1 þ I2e2  e2 þ ðI1 þ I2Þe3  e3;
L^ ¼ 1hqi hq
a f i þ
Z
@R
a ðn  TÞdl
 
:
ð81Þ
If we integrate the equation of equilibrated force (77)2 over the
cross-section we ﬁnd
h^0  g^ þ q^0p^ ¼ q^0,^ €^u; ð82Þ
where we have put
u^ ¼ hq
,ui
hq,i ; ,^ ¼
hq,i
hqi ; h^ ¼ hh
  ti; g^ ¼ hgi;
p^ ¼ 1hqi hq
pi þ
Z
@R
ðh  nÞdl
 
:
ð83Þ
We observe that the ﬁeld Eqs. (78), (80) and (82) have exactly the
same form as the equations for directed curves (44) and (45) (since
for straight rods H01 ¼ 0, cf. (56)). Suggested by the decompositions
(58), from (79)2 and (81)1 we deﬁne also the components
w^a ¼ hq
uai
hqi ða ¼ 1;2Þ; u^ ¼
hqu3i
hqi ; w^ ¼
hqðx1u2  x2u1Þi
I1 þ I2 ;
h^1 ¼ hq
x1u3i
I2
; h^2 ¼ hq
x2u3i
I1
:
ð84Þ
In order to extend this analogy also for the constitutive equations,
let us assume that the rod is made of an orthotropic and homoge-
neous material with voids. When the axes of orthotropy coincide
with ei, the three-dimensional constitutive equations are (Iesan
and Scalia, 2007)
t11 ¼ c11e11 þ c12e22 þ c13e33 þ b1u;
t22 ¼ c12e11 þ c22e22 þ c23e33 þ b2u;
t33 ¼ c13e11 þ c23e22 þ c33e33 þ b3u;
t23 ¼ 2c44e23; t31 ¼ 2c55e31;
t12 ¼ 2c66e12; h1 ¼ a1u;1; h2 ¼ a2u;2; h3 ¼ a3u;3;
g ¼ b1e11 þ b2e22 þ b3e33 þ nu;
ð85Þ
where ckl, ai, bj and n are constitutive coefﬁcients and
eij ¼ 12 ðui;j þ uj;iÞ is the strain tensor. The functions q⁄ and ,⁄ are con-
stant and positive.
By an usual assumption in the theory of rods, we can represent
the displacement vector u⁄ and the volume fraction ﬁeld u⁄ as a
polynomial in the cross-section coordinates x1, x2. Here we restrict
to linear polynomials and thus we may write the decompositions
ui ðx1; x2; x3; tÞ ¼ uð0Þi ðx3; tÞ þ x1uð1Þi ðx3; tÞ þ x2uð2Þi ðx3; tÞ; i ¼ 1;2;3;
uðx1; x2; x3; tÞ ¼ uð0Þðx3; tÞ þ x1uð1Þðx3; tÞ þ x2uð2Þðx3; tÞ:
ð86Þ
In view of our previous remark that the cross-sections do not
deform but only rotate, we consider that e11 ¼ 0; e22 ¼ 0; e33 ¼ 0,
i.e.
uð1Þ1 ¼ 0; uð2Þ2 ¼ 0 and uð2Þ1 ¼ uð1Þ2 : ð87Þ
On the other hand, since the rod is thin, it is reasonable to assume
that the porosity function u⁄ does not vary signiﬁcantly across the
thickness of the rod, but only along its length. Thus, we take
u(1) = u(2) = 0. Here we mention that we could take into account
also the variation of porosity across the thickness, but this would
complicate the model by introducing three functions for porosity:
u(0), u(1) and u(2).
M. Bîrsan, H. Altenbach / International Journal of Solids and Structures 48 (2011) 910–924 919Inserting (87) into (86) and changing the notations for
uð0Þi ; u
ðaÞ
3 ; u
ð2Þ
1 and u
(0) (according to the relations (84)), it follows
that in the three-dimensional theory we are looking for a displace-
ment ﬁeld of the form
u1ðxi; tÞ ¼ w^1ðx3; tÞ  x2w^ðx3; tÞ;
u2ðxi; tÞ ¼ w^2ðx3; tÞ þ x1w^ðx3; tÞ;
u3ðxi; tÞ ¼ u^ðx3; tÞ  x1h^1ðx3; tÞ  x2h^2ðx3; tÞ;
uðxi; tÞ ¼ u^ðx3; tÞ:
ð88Þ
If we substitute the relations (88) into (85), and then into the Eq.
(79)3, (81)2, (83)3,4, we obtain the resultant constitutive equations
in the form
N^ ¼ A c55ðw^01  h^1Þe1 þ c44ðw^02  h^2Þe2 þ ðc33u^0 þ b3u^Þe3
h i
;
h^ ¼ Aa3u^0;
M^ ¼ 1
q
c33ðI1h^02e1 þ I2h^01e2Þ þ ðc55I1 þ c44I2Þw^0e3
h i
;
g^ ¼ Aðb3u^0 þ nu^Þ;
ð89Þ
where A = area(R). Finally, if we compare (89) with the constitutive
equations for straight rods (65), (69) and (70)2, we observe that
these two sets of constitutive equations have exactly the same form
(in view of the decompositions (60)). Indeed, we only have to iden-
tify any ﬁeld f from the direct approach with the corresponding
resultant ﬁeld f^ .
In conclusion, we have shown that by descent from the three-
dimensional theory we can obtain one-dimensional equations of
the same form as the ﬁeld equations from the direct approach to
the theory of rods. The explicit computations have been carried
out for straight rods, but the same conclusion can be reached also
for curved rods, with a more laborious proof. Thus, from a mathe-
matical point of view we have the same type of equations to solve,
in both approaches. The only difference between the two sets of
equations resides in the expression of the constitutive coefﬁcients
which appear in the constitutive Eq. (89) as compared to those in
the direct approach. This question is related to the determination
of effective stiffnesses in the direct approach, which will be treated
in the next section.
Remark 4. By virtue of the identiﬁcation u ¼ u^ and the relation
(83)1 we obtain an interpretation of the volume fraction ﬁeld u
deﬁned in the direct approach, in terms of the three-dimensional
porosity function u⁄. Thus, for an homogeneous rod we have
uðs; tÞ ¼ 1
A
Z
R
uðx; y; s; tÞdxdy; ð90Þ
i.e. u is the average volume fraction ﬁeld over the cross-section of
the rod.
Taking into account the identiﬁcations (79)4, (81)4 and (83)5 we
see that the external body loads F ; L and p in the direct approach
also include the contributions of loads applied on the lateral sur-
face of the three-dimensional rod.
8. Determination of the constitutive coefﬁcients for orthotropic
rods
In this section we determine the constitutive coefﬁcients for
straight porous rods made of an orthotropic and homogeneous
material, by comparison of simple exact solutions for directed
curves with the results from three-dimensional theory. To this
aim, we ﬁrst consider the deformation of purely elastic rods
(non-porous case) and identify the elasticity coefﬁcients Ai and Ci
in terms of the constants for orthotropic material cij (85). Then,
we investigate the deformation of porous rods, and by comparisonwith solutions obtained in Section 6.2 we determine the constitu-
tive coefﬁcients K01 and K
0
4.
Let us consider a rod which occupies the domain
B ¼ fðx1; x2; x3Þjðx1; x2Þ 2 R; x3 2 ½0; lg, made of an orthotropic
and homogeneous material. We denote by R1 and R2 the end
boundaries given by x3 = 0 and x3 = l, respectively. This three-
dimensional rod is deformed under the action of resultant forces
and resultant moments applied to the end boundaries R1 and R2.
The lateral surface of the body is free, and there are no body loads.
We will employ for comparison purposes the well-known Saint–
Venant solutions for elastic orthotropic loaded cylinders, see e.g.
(Iesan, 2009, Sect. 4.8).
8.1. Bending and extension of orthotropic rods
For a right cylinder B made of elastic material (without voids)
assume that on the end boundaryR1 a resultant axial force of mag-
nitude F(1) and a resultant bending moment Lð1Þ2 e2 are applied. Then
the non-vanishing global boundary conditions on R1 areZ
R1
t33dx1dx2 ¼ Fð1Þ;
Z
R1
x2t33dx1dx2 ¼ Lð1Þ2 ;
and the solution for this equilibrium problem is given by (Iesan,
2009)
u1 ¼ 
Fð1Þ
AE0
m1x1 þ L
ð1Þ
2
E0hx22i
m1x1x2;
u2 ¼ 
Fð1Þ
AE0
m2x2 þ L
ð1Þ
2
2E0hx22i
ðx23  m1x21 þ m2x22Þ;
u3 ¼
Fð1Þ
AE0
x3  L
ð1Þ
2
E0hx22i
x2x3;
ð91Þ
where for orthotropic materials we use the following notations for
the constants
E0 ¼ d2d1 ; d1 ¼ c11c22  c
2
12; d2 ¼ detðcijÞ33;
m1 ¼ c13c22  c23c12d1 ; m2 ¼
c23c11  c13c12
d1
:
ð92Þ
From the three-dimensional solution (91) we obtain by integration
over the cross-sectionZ
R
u1dx1dx2 ¼ 0;
Z
R
u2dx1dx2 ¼
ALð1Þ2
2E0hx22i
x23 
Lð1Þ2
2E0hx22i
m1hx21i  m2hx22i
 
;Z
R
u3dx1dx2 ¼
Fð1Þ
E0
x3;
Z
R
x1u3dx1dx2 ¼ 0;
Z
R
x2u3dx1dx2 ¼ 
Lð1Þ2
E0
x3;Z
R
ðx1u2  x2u1Þdx1dx2 ¼ 
Lð1Þ2
E0hx22i
m1  m22
 
hx1x22i þ
m1
2
hx31i
h i
:
ð93Þ
On the other hand, this problem of bending and extension can be
treated in the direct approach of rods. Combining the solutions of
Problems 1 and 2 from Section 6.2 (written in the non-porous case
and with Q ð1Þ ¼ 0; Lð1Þ1 ¼ 0) we ﬁnd
uðsÞ ¼ F
ð1Þ
A3
s; w2ðsÞ ¼ L
ð1Þ
2
2C1
s2; h2ðsÞ ¼ L
ð1Þ
2
C1
s;
w1 ¼ 0; w ¼ 0; h1 ¼ 0: ð94Þ
Using the identiﬁcations (84) and s = x3, we see that the solution in
the theory of rods (94) corresponds toZ
R
u3dx1dx2 ¼
AFð1Þ
A3
x3;
Z
R
u1dx1dx2 ¼ 0;
Z
R
u2dx1dx2 ¼
ALð1Þ2
2C1
x23;Z
R
ðx1u2  x2u1Þdx1dx2 ¼
Z
R
x1u3dx1dx2 ¼ 0;Z
R
x2u3dx1dx2 ¼ 
Lð1Þ2 hx22i
C1
x3: ð95Þ
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First we notice that the last term in (93)2 and the right-hand side of
(93)6 are some constants which represent rigid-body displacements
and can be neglected. Then, the two solutions (93) and (95) coincide
if and only if we identify the constitutive coefﬁcients A3 and C1 as
A3 ¼ AE0; C1 ¼ E0hx22i ¼ E0
Z
R
x22dx1dx2: ð96Þ
Similarly, if we consider a resultantmoment of the form Lð1Þ1 e1 we get
C2 ¼ E0hx21i ¼ E0
Z
R
x21dx1dx2: ð97Þ8.2. Torsion of orthotropic rods
Let us assume now that on the end boundaries of the elastic cyl-
inder B we have a resultant torsion moment of magnitude H(1).
Thus, the only non-vanishing global boundary condition on R1 isZ
R1
ðx1t23  x2t13Þdx1dx2 ¼ Hð1Þ;
and the Saint–Venant solution for this equilibrium problem is
(Iesan, 2009)
u1 ¼ 
Hð1Þ
D0
x2x3; u2 ¼
Hð1Þ
D0
x1x3; u3 ¼
Hð1Þ
D0
/ðx1; x2Þ; ð98Þ
where the torsion function /(x1,x2) is the solution of the boundary-
value problem
c55/;11 þ c44/;22 ¼ 0 in R;
c55/;1n

1 þ c44/;2n2 ¼ c55x2n1  c44x1n2 on @R;
ð99Þ
and the torsional rigidity D0 is expressed by
D0 ¼
Z
R
c44x1ð/;2 þ x1Þ  c55x2ð/;1  x2Þ
	 

dx1dx2: ð100Þ
From the exact three-dimensional solution (98) and the conditions
(31) it follows thatZ
R
uadx1dx2 ¼ 0 ða¼ 1;2Þ;
Z
R
u3dx1dx2 ¼
Hð1Þ
D0
Z
R
/ðx1;x2Þdx1dx2;Z
R
ðx1u2  x2u1Þdx1dx2 ¼
Hð1Þ
D0
hx21 þ x22ix3:
ð101Þ
On the other hand, the torsion of rods have been treated also in the
direct approach, see Problem 3 of Section 6.2. In this context, we
have ﬁnd the solution
wðsÞ ¼ H
ð1Þ
C3
s; uðsÞ ¼ w1ðsÞ ¼ w2ðsÞ ¼ 0:
In view of the identiﬁcations (84), from the last relations we ﬁndZ
R
ðx1u2  x2u1Þdx1dx2 ¼
Hð1Þ
C3
hx21 þ x22ix3;Z
R
ui dx1dx2 ¼ 0 ði ¼ 1;2;3Þ: ð102Þ
We mention that the right-hand side of (101)2 is a constant which
represents a rigid body displacement, so it can be neglected. By
comparison of the solutions (101) and (102) obtained in the two dif-
ferent approaches, we conclude that C3 must satisfy C3 = D0, which
is given by (100). Using a classical procedure, see e.g. (Iesan, 2009,
pg. 149), we can cast the Eqs. (99) and (100) in a more convenient
form, but expressed on a modiﬁed domain R⁄, given by
R ¼ ðn1; n2Þjn1 ¼ x1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44þc55
2c55
q
; n2 ¼ x2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44þc55
2c44
q
; ðx1; x2Þ 2 R
n o
. Thus, the
constitutive coefﬁcient C3 can be expressed byC3 ¼ D0 ¼ 8ðc44c55Þ
3=2
ðc44 þ c55Þ2
Z
R
/ðn1; n2Þdn1dn2; ð103Þ
where /⁄(n1,n2) is the solution of the boundary-value problem on
the domain R⁄
D/ðn1; n2Þ 
@2/
@n21
þ @
2/
@n22
¼ 2 in R; and
/ðn1; n2Þ ¼ 0 on @R: ð104Þ
In the isotropic case, some related results concerning the extension,
bending and torsion of naturally twisted rods have been obtained
by Berdichevsky and Staroselskii (1985) using a different approach.
8.3. Shear vibrations of an orthotropic rod
To identify the elastic coefﬁcients A1 and A2, we solve here a
dynamical problem for a straight rod, in the two approaches. We
assume that the rod is rectangular, occupying the domain
D ¼ ðx1; x2; x3Þj  a2 6 x1 6 a2 ; b2 6 x2 6 b2 ;0 6 x3 6 l
 
, and the
material is orthotropic (without voids). The lateral surface is trac-
tion free, the body loads are absent and the boundary conditions on
the end boundaries are given by
u1 ¼ u2 ¼ 0 and t33 ¼ 0 for x3 ¼ 0; l: ð105Þ
Under these conditions, we determine the shear vibrations of the
rod. We search for the solution u⁄ in the form
u ¼ Weixt sinðkkx1Þe3; kk ¼ ð2kþ 1Þpa ; k ¼ 0;1;2; . . . ð106Þ
whereW is a constant andx is the natural frequency of the body. In
view of (106), the boundary conditions (105) are satisﬁed and the
equations of motion reduce to t13;1 ¼ q€u3, which gives the relation
x2 ¼ c55
q
ð2kþ 1Þp
a
 2
; k ¼ 0;1;2; . . .
Thus, the lowest natural frequency of shear vibrations is
x ¼ p
a
ﬃﬃﬃﬃﬃﬃ
c55
q
r
: ð107Þ
Let us approach the same problem from the theory of directed
curves viewpoint. Consider a straight elastic rod (without natural
twisting) of arclength s 2 [0, l] and parallel to the direction e3. Using
the identiﬁcations (84) we see that the relations (105) correspond
to the following boundary conditions on the ends of the rod
wa ¼ 0; F ¼ 0; w ¼ 0; La ¼ 0 ða ¼ 1;2Þ; for s ¼ 0; l:
ð108Þ
We are interested in ﬁnding the shear vibrations, so we will have to
solve a bending-shear problem of the form (64), (65). In view of
(84), (106), we search the solution of the form
h1 ¼ cWeix^t ; h2 ¼ w ¼ 0; u ¼ wa ¼ 0; ð109Þ
where cW and x^ are constants. By virtue of (109) and the constitu-
tive Eqs. (65), (69) we see that the boundary conditions (108) are
satisﬁed, while the equations of motion (64) reduce to Q1 ¼ I2€h1,
i.e. A1h1 ¼ qA a212 €h1, where A = ab is the area of the cross-section.
Inserting the expression (109)1 into the last equation, we ﬁnd the
following value for the natural frequency
x^ ¼ 1
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12A1
qA
s
: ð110Þ
Finally, if we identify the natural frequencies from the two ap-
proaches x and x^, then by relations (107) and (110) we get the
expression of the elastic coefﬁcient A1
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2
12
; ð111Þ
where k is a factor similar to the shear correction factor (Timo-
shenko, 1921). Analogously, we determine the expression for the
elastic coefﬁcient A2
A2 ¼ kAc44; with k ¼ p
2
12
: ð112Þ
This procedure has been used in (Zhilin, 2006a, 2007) to determine
the coefﬁcients A1 and A2 for isotropic and homogeneous elastic
rods. The transverse vibrations of isotropic elastic bars have also
been investigated in (Berdichevsky and Kvashnina, 1976) using a
reﬁnement of the Bernoulli–Euler equations obtained by a rigorous
asymptotic analysis.
We mention that a different direct approach to describe the
mechanical behavior of orthotropic rods, in the framework of the
theory of Cosserat curves, has been presented previously by Green
and Naghdi (1979) and Rubin (2000).
8.4. Extension problem for porous rods
In order to determine also the poroelastic constitutive coefﬁ-
cients K01 and K
0
4, let us consider the deformation of a cylinder B
made of an orthotropic elastic material with voids, subject to a
resultant axial force F(1) applied on the end boundaries, i.e. we haveZ
R1
t33dx1dx2 ¼ Fð1Þ:
The solution of this equilibrium problem for porous cylinders can be
found in (Iesan, 2009, Chap. 7), and it is given by
u1 ¼ a1x1; u2 ¼ a2x2; u3 ¼ a3x3; u ¼ u0; ð113Þ
where ai and u0 are constants that are expressed in terms of the ax-
ial force F(1) and the constitutive coefﬁcients ckl, bj and n by the lin-
ear system written in matrix form
c11a1þ c12a2þ c13a3þb1u0 ¼ 0; c12a1þ c22a2þ c23a3þb2u0 ¼ 0;
c13a1þ c23a2þ c33a3þb3u0 ¼
Fð1Þ
A
; b1a1þb2a2þb3a3þ nu0 ¼ 0:
ð114Þ
By virtue of (31), for the three-dimensional solution (113) we haveZ
R
u3dx1dx2 ¼ a3Ax3;
Z
R
uadx1dx2 ¼ 0;
Z
R
xau3dx1dx2 ¼ 0;Z
R
ðx1u2  x2u1Þdx1dx2 ¼ 0;
Z
R
udx1dx2 ¼ u0A:
ð115Þ
On the other hand, in view of the Problem 1 of Section 6.2, the
extension problem for porous rods has the solution (73) in the di-
rect approach. Using (73) and the identiﬁcations (84), (90) we de-
duce the following relationsZ
R
u3dx1dx2 ¼
K01AF
ð1Þ
A3K
0
1ðK04Þ2
x3;
Z
R
udx1dx2 ¼ K
0
4AF
ð1Þ
A3K
0
1ðK04Þ2
;Z
R
uadx1dx2 ¼ 0;
Z
R
xau3dx1dx2 ¼ 0;
Z
R
ðx1u2 x2u1Þdx1dx2 ¼ 0:
ð116Þ
By comparison, we can see that the solutions in the two approaches
(115) and (116) coincide if and only if we identify
a3 ¼ K
0
1
A3K
0
1  ðK04Þ2
Fð1Þ and u0 ¼ 
K04
A3K
0
1  ðK04Þ2
Fð1Þ: ð117Þ
According to (96) we have A3 = AE, while the constants a3 andu0 are
given by the Eq. (114). Thus, the relations (117) represent a systemfor the determination of K01 and K
0
4. After some computations, from
(117) we ﬁnd that these constitutive coefﬁcients are given by
K01 ¼ A n
b21c22 þ b22c11  2b1b2c12
d1
 !
;
K04 ¼ A b3  b1m1  b2m2ð Þ: ð118Þ
Thus, all of the constitutive coefﬁcients (except K02) which appear in
the constitutive equations for straight porous rods without natural
twisting (65), (69), (70)2 have been determined for orthotropic and
homogeneous materials. We mention that the coefﬁcient K02 cannot
be determined from comparison of such simple solutions, since its
contribution is not present in the leading order terms; hence, the
value of K02 can be adjusted depending on the particularities of each
speciﬁc problem. However, the comparison of the constitutive Eq.
(69)3 and (89)2 suggests the following value K
0
2 ¼ Aa3.
Remark 5. In the case of isotropic and homogeneous materials, let
us denote by k, l the Lamé’s constants, E the Young’s modulus, m
the Poisson’s ratio, and b, a, n the constitutive coefﬁcient for elastic
materials with voids (Ciarletta and Iesan, 1993; Iesan, 2009). The
constitutive equations for isotropic elastic materials with voids are
obtained from (85) if we put
c11 ¼ c22 ¼ c33 ¼ kþ 2l; c12 ¼ c13 ¼ c23 ¼ k; c44 ¼ c55 ¼ c66 ¼ l; ð119Þ
a1 ¼ a2 ¼ a3 ¼ a; b1 ¼ b2 ¼ b3 ¼ b: ð120Þ
Then, in view of (92) we have
d1 ¼ 4lðkþ lÞ; d2 ¼ 4l2ð3kþ 2lÞ; E0 ¼ E; m1 ¼ m2 ¼ m:
ð121Þ
If we substitute the expressions (119)–(121) into the relations
(118) we deduce the form of the constitutive coefﬁcients K01 and
K04 for isotropic and homogeneous porous rods
K01 ¼ A n
b2
kþ l
 !
; K04 ¼ A
bl
kþ l ; K
0
2 ¼ Aa:Remark 6. Let us record also the expressions of the elasticity
constants Ai and Ci for isotropic and homogeneous porous rods.
Inserting the relations (119) and (121) into the Eqs. (96), (97),
(103), (111) and (112), we obtain that
A1 ¼ A2 ¼ klA k ¼ p
2
12
 
; A3 ¼ EA;
C1 ¼ E
Z
R
x22dx1dx2; C2 ¼ E
Z
R
x21dx1dx2;
C3 ¼ 2l
Z
R
/ðx1; x2Þdx1dx2 with D/ ¼ 2 in R; / ¼ 0 on @R:
ð122Þ
We mention that the values (122) for Ai and Ci are in accordance
with those determined previously by Zhilin (2006a, 2007) in the
isotropic (non-porous) case.9. Deformation of rectangular porous beams
In order to compare our results with previous known results
concerning porous beams, we consider in this section the exten-
sion and bending of rectangular beams made of an orthotropic
material with voids. We show that our one-dimensional approach
is in agreement with the results obtained (in the isotropic case) by
Cowin and Nunziato (1983) using the three-dimensional theory.
Let us present ﬁrst the problem and its three-dimensional solu-
tion. Assume that the beam occupies the domain {(x1,x2,x3)jx1 2
[a,a], x2 2 [b,b], x3 2 [0, l]} referred to the Cartesian orthogonal
frame Ox1x2x3, so that the cross-section is given by
922 M. Bîrsan, H. Altenbach / International Journal of Solids and Structures 48 (2011) 910–924R = [a,a]  [b,b]. The body loads are zero (f i ¼ 0; p ¼ 0) and
the body is in equilibrium under a net axial force eF and a net bend-
ing moment eM acting on the end boundaries x3 = 0, l. Thus, the
equilibrium equations are tji;j ¼ 0; hi;i  g ¼ 0, and the boundary
conditions on the faces of the rectangular beam are:
(a) the net axial force and the net bending moment:Z a
a
t33dx1 ¼
eF
2b
;
Z a
a
x1t33dx1 ¼ 
eM
2b
for x3 ¼ 0; l;
ð123Þ(b) the stresses acting on the faces x1 = ±a are vanishing:t1i ¼ 0 for x1 ¼ 	a ði ¼ 1;2;3Þ:
Except for the loads (123), there are no net forces, torques or
bending moments acting on the boundaries of the beam.(c) the equilibrated stress is zero all over the boundary surface
of the beam:h1 ¼ 0 for x1 ¼ 	a; h2 ¼ 0 for x2 ¼ 	b;
h3 ¼ 0 for x3 ¼ 0; l:To ﬁnd the analytical closed-form solution of this problem we
employ the semi-inverse method: we search for a solution in terms
of the stress ﬁeld tij and the porosity ﬁeld u
⁄ such that they depend
only on the coordinate x1. To present the solution in a simpler
form, we introduce the following notations for the determinants
containing the constitutive coefﬁcients of orthotropic materials
with voids
d1 ¼
c11 c13
c13 c33
 ; d2 ¼ c11 c12b1 b2
 ; d3 ¼ c11 c13b1 b3
 ; d4 ¼ c12 c13b2 b3
 ;
d5 ¼
c11 b1
b1 n
 ; d6 ¼ c12 b1b2 n
 ; d7 ¼ c13 b1b3 n
 ; D ¼ cij bibj n


44
;
D1 ¼
cac ca3
bc b3


33
; D4 ¼
cac ba
bc n


33
;
D2 ¼
c12 c13 b1
c22 c23 b2
b2 b3 n

; D3 ¼
c11 c13 b1
c12 c23 b2
b1 b3 n

:
By the same technique that was used in (Cowin and Nunziato, 1983)
in the isotropic case, we obtain the following exact solution

 displacement ﬁeld:u1¼
eM
2IE0ð1SJ0Þ
"
x23ð1SJ1Þx22m2ð1SJ2Þx21ð1SJ3Þ
m2d6d7
d5
þ2c11a1b1D1
d1d
2
5
coshðx1=l0Þ
coshða=l0Þ
#
þ
eFD2
AD
x1;
u2¼
eM
IE0
1SJ2
1SJ0
m2x1x2
eFD3
AD
x2;
u3¼
eM
IE0
1SJ1
1SJ0
x1x3þ
eFD4
AD
x3:
ð124Þ

 volume fraction ﬁeld:u ¼
eM
Ið1 SJ0Þ
c11D1l0
d2d5
x1
l0
 sinhðx1=l0Þ
coshða=l0Þ
 

eFD1
AD
: ð125Þ
 stress ﬁeld: t1i ¼ t23 ¼ 0 andt22 ¼
eM
IE0ð1 SJ0Þ
x1m2
d1
c11
S J1  J2ð Þ

þ d2D1l0
d1d5
x1
l0
 sinhðx1=l0Þ
coshða=l0Þ
 
;
t33 ¼
 eM
Ið1 SJ0Þ
x1 1 SJ0 þ S
d3D1
d2d5
 
 d3D1l0
d2d5
x1
l0
 sinhðx1=l0Þ
coshða=l0Þ
 
þ
eF
A
;
ð126Þ

 equilibrated stress ﬁeld:h1 ¼
eM
Ið1 SJ0Þ
c11a1D1
d2d5
1 coshðx1=l0Þ
coshða=l0Þ
 
; h2 ¼ h3 ¼ 0:
ð127Þ
In the above relations, we have employed the notations (92) and
I ¼ hx21i ¼
4a3b
3
; J0 ¼
c22d
2
3 þ c33d22  2c23d2d3  c11d24
d2d5
;
J1 ¼
d22
d1d5
; J2 ¼
d2d3
m2d1d5
; J3 ¼
d2d4
d1ðm2d6  d7Þ ;
l20 ¼
c11a1
d5
> 0; S ¼ S a=l0ð Þ ¼ 1 3 ða=l0Þ  tanhða=l0Þða=l0Þ3
:
ð128Þ
We notice that l0 is a parameter with dimension of length,
which is used in (Puri and Cowin, 1985) to express the velocity
of plane waves carrying a change in void fraction at low fre-
quencies. The function S is a geometric factor which depends
on the ratio a/l0.
We mention that in the case of isotropic materials the solution
(124)–(127) for pure bending reduces to the results presented in
Section 5 of (Cowin and Nunziato, 1983). If we employ the rela-
tions of correspondence (79)3, (81)2, (83)1,3 and (84), then from
the solution (124)–(127) we obtain the following one-dimensional
ﬁelds
u^ ¼ hu

3i
A
¼
eFD4
AD
x3; w^1 ¼ hu

1i
A
¼
eM
IE0
x23
2
1þ S J0  J1
1 SJ0
 
;
h^1 ¼ hx1u

3i
hx21i
¼
eM
IE0
x3 1þ S J0  J11 SJ0
 
; u^ ¼ hu
i
A
¼ 
eFD1
AD
;
w^2 ¼ hu

2i
A
¼ 0; h^2 ¼ hx2u

3i
hx22i
¼ 0; w^ ¼ hx1u

2  x2u1i
hx21 þ x22i
¼ 0;
ð129Þ
bF ¼ ht33i ¼ eF ; bL1 ¼ hx1t33i ¼ eM; bL2 ¼ hx2t33i ¼ 0;bH ¼ hx1t32  x2t31i ¼ 0; bQ a ¼ ht3ai ¼ 0; h^ ¼ hh3i ¼ 0: ð130Þ
Let us solve now the same problem in our direct approach to porous
rods and compare the solution with the above results. Since the
beam has no natural twisting, we can use the equations of Section
6.1 and the problem reduces to a system of ordinary differential
equations. This system is solved using the same procedure as in
Problems 1 and 2 of Section 6.2 and, by virtue of the identiﬁcation
of constitutive coefﬁcients (97) and (118), we obtain the solution
uðsÞ ¼
eFD4
AD
s; w1ðsÞ ¼
eM
IE0
s2
2
; h1ðsÞ ¼
eM
IE0
s;
uðsÞ ¼ 
eFD1
AD
; w2 ¼ 0; h2 ¼ 0; w ¼ 0;
ð131Þ
F ¼ eF ; L1 ¼ eM; L2 ¼ 0; H ¼ 0; Qa ¼ 0; h ¼ 0: ð132Þ
Fig. 3. Graph of the geometric factor S as a function of a/l0.
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(132) leads us to the following remarks:
(i) the solutions for the stress ﬁelds (130) and (132) coincide;
(ii) the porosity ﬁelds (129)4 and (131)4 in the two solutions
coincide;
(iii) the displacement and rotation ﬁelds (129) and (131) coin-
cide if and only if we take into account the approximationS
J0  J1
1 SJ0
’ 0: ð133ÞThis relation is satisﬁed for very thin beams, for which a/l0 ap-
proaches 0. Indeed, in view of the deﬁnition (128)7 for S(a/l0) we
have the power series development
S ¼ 2
5
a
l0
 2
 17
105
a
l0
 4
þ 62
945
a
l0
 6
    ;
so that the convergence of S to zero is of order 2 with respect to the
small parameter al0 ! 0. Thus, the approximation (133) is very good
for very thin beams. From Fig. 3 one can see that the function S is
monotonically increasing from 0 to 1, when a/l0 varies from 0 to +1.
10. Conclusions and remarks
We have presented a direct approach for the mechanics of thin
rods made of elastic materials with voids. This approach is new,
and therefore we have derived the fundamental ﬁeld equations
starting from the basic principles of mechanics applied to these
one-dimensional continua. Thus, we deduced an additional balance
equation, namely the equation of equilibrated force (17)3, which
governs the porosity ﬁelds. We presented a mathematical study
of the system of ﬁeld equations and proved an uniqueness theorem
for the boundary-initial-value problem of porous rods. For ortho-
tropic rods, we have shown that similar equations can be obtained
from the three-dimensional theory by integration over the cross-
section. Finally, using the comparison between simple solutions
obtained in the two approaches, we have determined the expres-
sions of the constitutive constants for orthotropic and homoge-
neous porous rods in terms of the three-dimensional elasticity
constants. Based on the solutions for shear vibrations problems,
we have also identiﬁed the shear correction factor k ¼ p212 for ortho-
tropic rods.
For comparison purposes, we have solved in Section 9 the prob-
lem of extension and bending of rectangular porous orthotropic
beams. In view of the identiﬁcation of constitutive coefﬁcients,
our results are in agreement with those found previously by Cowin
and Nunziato (1983) in the particular case of isotropic materials
with voids. Also, the results obtained in Sections 6.2 and 8.4 arein agreement with the three-dimensional solutions for porous solid
cylinders presented in the book of Iesan (2009, Chap. 7). The
advantage of our approach is that we introduce directly a one-
dimensional theory for porous rods, and thus simplify considerably
the governing equations of the model. This approach is suitable
especially for very thin rods. We mention that this type of prob-
lems (as those presented in Sections 6.2 and 9) cannot be treated
using the previous rod theories existing in the literature, which
do not take into account the porosity effects for elastic materials
with voids.
For the case of non-porous materials, our model reduces to the
theory of directed curves proposed by Zhilin (2006a). This is a quite
general model with wide range of applicability, which is compared
in detailed with the classical theories of rods in (Zhilin, 2007). It is
shown that this direct approach can solve some delicate problems
of rod theory, such as the Nikolai paradox.
The values of the effective stiffnesses found in this paper are
very useful in solving practical problems for porous rods by the di-
rect approach. In the future studies on this subject we intend to ex-
tend the model to include thermal effects and to determine the
effective stiffnesses of rods with a more complex internal struc-
ture, such as nonhomogeneous or functionally graded rods.Acknowledgements
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